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1. INTRODUCTION

Generalized open sets play a very important role in
General Topology and they are now the research
topics of many topologists worldwide. Indeed a
significant theme in General Topology and Real
analysis concerns the various modified forms of
continuity, separation axioms etc.by utilizing
generalized open sets. Kasahara [1] defined the
concept of an operation on topological spaces. Maki
and Noiri [3] introduced the notions of 7, ., which
is the collection of all [5,;']-open Sets in a
topological space. In this paper we introduce and
study the notions (X,z) minimal [, ,"]-preclosed
sets and maximal [y, ;'] -preopen sets in a topological
space (X,7).

2. PREILIMINARIES

The closure and interior of a subset A of (X,z)are
denoted by CI(A) and Int(A), respectively.

Definition 2.1

[1] Let (X,7z) be a topological space. An operation y
on the topology 1 is function from T on to power set
P(X) of X such that V <V 7 for each V € 7 ,where
V7 denotes the value of T at V. It is denoted by
7T — PX).

Definition 2.2

[3] A topological space (X,7)equipped with two
operations namely » and 7' defined on 7 is called a
bioperation-topological space and it is denoted by

X\, 7,7").

Definition 2.3

A subset A of a topological space (X,z) is said to be
[, 7']-open set is [3] if for each X € A there exist
open neighbourhoods U and V of x such that
U7 NV’ < A. The complement of a [y, "] -open
set is called a [, "] -closed set. Also 7|, . denotes
setof all [, »"]-opensetsin (X, 7).

Definition 2.4

[3] For asubset Aof (X, 7)., 7, -CI(A)
denotes the intersection of all [,, 5] -closed sets

containing A, that is

7,1~ CI(A) ={F:AcF,X\F e, .}

Definition 2.5

Let A be any subset of X. The 7, 1 -Int(A) is
defined as 7z, , — Int(A) = {U :U isa
[y,»]-opensetand U — A}

Definition 2.6

A subset A of a topological space (X, 7)is said
to be [y, '] -preopen [2] if
Acty, ,,—Int(z, ., —CI(A)).

3. MAXIMAL AND MINIMAL SETS VIA
BIOPERATION-SEMIOPEN SETS

In this section, we introduce and study minimal
[, 7] -preclosed sets and maximal[y, 5] -preopen
sets in a bioperation-topological space (X, 7,7,7").

Definition 3.1

A proper nonempty [, 5] -preclosed subset F of a
bioperation-topological space (X,7,7,7")

is said to be a minimal [,, 5] -preclosed set if any
[, '] -preclosed set contained in F is ¢ or F.

Definition 3.2
A proper nonempty [,, '] -preopen U of a
bioperation-topological space (X,7,7,7")
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is said to be a maximal [y, '] -preopen set if any
[, '] -preopen set containing U is either X or U.

The following theorem shows the relation
between minimal [, 5] -preclosed sets and maximal

[, 7']-preopen sets

Theorem 3.3. A proper nonempty subset U of a
bioperation-topological space (X,z,7,7")is a
maximal [;,7']-preopen if and only if X \U is
minimal [,, 5] - preclosed.

Proof. Let U be a maximal [,)']-preopen set.
Suppose X \U is not minimal [, 5] -preclosed
set. Then there exists a [j,']-preclosed set
V = X \U such that ¢=V < X\U. That is
Uc X\U and X \v Iis a [y,p']-preopen set,
which is a contradiction for U is a minimal [, '] -

preclosed set. Conversely, let X\U be a minimal
[,»'] -preclosed set. Suppose U is not a maximal

[,»']-preopen set. Then there exists a [y,']-
preopen set E U such that U = E == X . That is
p=X\EcX\U and X\E is a [y,7]-

preclosed set, which is a contradiction for X\U is a
minimal [y, ,']-preclosed set. Therefore, U is a

maximal [y, 5] -preclosed set.

Lemma 3.4. For the subsets U and V be any two
subsets of a bioperation-topological  space

(X,7,7,7") we have the following:
(1) If U is minimal [y,,']-preclosed and V a
[7,y']-preclosed set, then y MV =gor

UcV.
(2) If U and V are minimal [y, ,']-preclosed

sets, then U NV =g OrU =V .

Proof. (1). If U MV s= ¢ , then there is nothing to
prove. If U NV = ¢, then U NV <U . Since U is
a minimal [y, '] -preclosed set,

Hence U <V .
Q. funNVv =g . thenu =v and v —U by (1).
Hence U =V .

unv =u -

Theorem 3.5. Let U be a minimal [y, '] -preclosed
subset of a  bioperation-topological  space
(X,7,7,7). If xeu then U =w for some
[, '] -preclosed set W containing x.

Proof. Let x U and W be a [y, '] -preclosed set
such that xeG. Then Uy Nw = 4. By Lemma
34(1), U =W.

Theorem 3.6. Let U be a minimal [y, '] -preclosed
subset of a  bioperation-topological  space
X,z,7.7"), Then

U =MW :W e[y, »]1-SC(X,x)}

Proof. By Theorem 3.5and U isa [, 5] -
preclosed set containing x, we have

U <= M{W :W [y, »']1—SC(X,x)}- Next let,
x e (W :W e[y, ']—SC(X, x)} -This
imples that , x ew forall [, '] -preclosed set
W. As U is [, '] -preclosed, x U ; hence

MW W e[y, »'1-SC(X,x)}=U -

Theorem 3.7. Let U be a nonempty [y, '] -preclosed
subset of a bioperation-topological space
(X,7,7,7") . Then the following statements are
equivalent:

(1) Uisaminimal [y, 7] -preclosed set.
(@ U <[y,»'1— pCI(S) for any nonempty
subset S of U.

@) [r.»1-pCIU) =1y, »T— pCI(S) for
any nonempty subset S of U.

Proof. (1) = (2) :Let X €U ; U be a minimal

[, '] -preclosed set and S (= ¢) —U . By Theorem
3.5, for any [y, '] -preclosed set W containing X,

S U W gives s —w . Now

S=SNU <SMNW .Since S =¢,SMNW = ¢.
Since W is any [y, 7"] -preclosed set containing x, by
Theorem 3.5, x e[y, »']— pCI(S). Thatis,

xeU = x [y, »]— pCI(S). Hence

U <[y, »]1— pCI(S) for any nonempty subset S of
u.

(2) = (3) : Let S be a nonempty subset of U. Then
[r,»'1- pCI(S) =[r,»1— pCI(U). By (2),

[y, 7'1=pCIV) =[r,7'1= pCI(Ly, 71— PCI(S))
=Ly, 7'1=pCI(S).

Thatis, [y, 1= pCIU) =Ly, »'1— pCI(S) - We
have [y, '] pCIU) = [r,»']1— pCI(S) for any
nonempty subset S of U.

(3) = (1) :Suppose U is not a minimal [y, 5] -
preclosed set. Than there exists a nonempty [y, '] -

preclosed set V suchthat Vv —U and v == U . Now,
there exists an element ain U such that a ¢V . That
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is,

[y, 7'1-pCl{a}) <[y, 71— pPCI(X\V) = X \V,

as X\V is [y, »'] -preclosed in X. It follows that
[.71- pCl({a}) = [r.»']— pClU) - Thisisa
contradiction for

[».»'1— pCI({a}) =[r.»'1— pCl(U)for any
{a}(= ¢) = U.Therefore, U is a minimal [5, ] -
preclosed set.

Theorem 3.8. If V is a nonempty finite [, '] -
preclosed subset of a bioperation-topological
space (X,7,7,7") . then there exists at least one
(finite) minimal [y, '] -preclosed set U such that
UcV.

Proof. If V isa minimal [;, '] -preclosed set, we
may set U=V. If V is not a minimal [,, '] -preclosed
set, then there exists a (finite) [, '] -preclosed set
Visuchthat ¢ =v, V. If Viisaminimal [y, "] -
preclosed set, we may U=V, . If V1 is not a minimal
[, 7] -preclosed set, then there exists a (finite)

[y, "] -preclosed set V, such that ¢ =V, < V.
Continuing this process, we have a sequence of

[, '] -preclosed sets

VoV, DV, DV, D...... SV, O..... Since Vis
a finite set, this process repeats only finitely many
times and finally we get a minimal [, ;'] -preclosed
set U=V, for some positive integer n.

Theorem 3.9. Let U and U, be minimal [y, »'] -
preclosed subsets of a bioperation-topological space
(X,z,y,y") forany elementor e A If |y — Uu..

aeA

then there exists an element « < A such that
Uu=u,.

Proof. Let y — Uu. . Then y NnJu.)=u-

aeA aeA

That is Jwnu,)=u . Also by lemma3.4 (2),

aeA

UNU,=¢ oru =u_ forany o« e A . Itfollows

that there exists an element o A such that
u=u,.

Theorem 3.10. Let U and U,, be minimal [, '] -
preclosed subsets of a bioperation-topological space
(X,z,7,7)foranyar e A If U 2u, forany
aeA  then [UU jﬂu —p

aeA

Proof. Suppose that (UU jﬂu _ 4 - Then

ae

there exists an element o « A such that
UNU, =¢ - ByLemma3.4(2), we have

U =u_ , Which contradicts the fact U U
forany « e A . Hence [UU jﬂu _p

aeA

Theorem 3.11. Let A and B be any two subsets of
a bioperation-topological space (X, 7,7,7")
.Then we have the following:

(1) If Alismaximal [y,,']-preopen set and
B a [y, '] -preopen set, then
AUB=X0r Bc A.

(2) LetAand B are maximal [, 5] -
preopen set, then AUB =X or A=B.

Proof. (1). If AUUB = X , then there is nothing
toprove. If AUB = X ,then auBisa[y,y']-
preopen set such that A — AU B . Then
AUB=A.Hence BC A.

(2.1f AUB= X ,then aUBIsa[y,y']-
preopen set such that A, B = AUB, that is,
AUB=Aand AUB=B.Hence A=B.

Theorem 3.12. Let F be a maximal [, 5] -
preopen subsets of a bioperation-topological space
(X,7,7,7") .If xe F,thens < F for some

[, '] -preopen set S containing x.

Proof. Similar to the proof of Theorem 3.5.

Theorem 3.13. Let AB and C be three [y, 5] -

preopen sets of a bioperation-topological space

(X,7,7,7")suchthat A=B.If ANB<C,
then either A=Cor B=C.

Proof. If A=cC , then there is nothing to prove.
If A C, then we have to prove B=C.

Now BNC =BN(CNX)
=BN(CN(AuUB)) (by Theorem 3.11 (2))
=BN{(C~AUCNB))
=(BNCNAUBNC)
=(ANB)U(CMNB)
=(ANC)NB
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= X M B = B (Since A and C are maximal
[, '] -preopen set by Theorem 3.11 (2),
AUC = X))
Thatis, BNC =B = B =cC . Since Band C are
maximal [, '] -preopen sets, we have B =C .
Hence B=C

Theorem 3.14. Let (X, 7,7, ") be a bioperation-
topological space. If A,B and C are maximal [y, '] -
preopen sets which are different from each other, then
(ANB)z (ANC)

Proof. Let ANB <= ANC . Then
(ANB)U(CNB) < (ANC)U(CNB) . That
is,(ANC)NB<=CN(AUB) . By Theorem 3.11
(2), AUC =X =AUB . Hence
XNB<cCNX = BcC . Thus from the
definition of maximal [, '] -preopen sets, we have

B = C , which is a contradiction to the fact that A,B
and C are different to each other. Therefore,

(ANB) z (ANC) -

Theorem 3.15. Let (X,7,7,7") be a bioperation-
topological space. If F is a maximal [, 5] -preopen
set and x be an element of F, then F=J{S : Sisan

[,»']-preopen set E such that FJs = X}
Proof. Similar to the proof of Theorem 3.6.

Theorem 3.16. Let (X,7,7,»") be a bioperation-
topological space. If F is proper nonempty cofinite
[, 7] -preopen set, then there exists(cofinite)

maximal [y, 5']-preopen set E such that F C E .

Proof. If Fisa maximal [;,,']-preopen set, we may
set E=F. If F is not a maximal [y, '] -preopen set,
then there exists a (cofinite) [, '] -preopen set F;
suchthat F — F, = X . If Fyisa maximal [y, »'] -

preopen set , we may set E=F; . If F; is not a maximal
[, '] -preopen set , then there exists a (cofinite)

[y,»']-preopenset F, - X such that

F — F, = F, (= X). Continuing this process, we
have a sequence of [,, '] -preopen sets such that
FcRcF c... CFKC....SinceFisa
cofinite set, this process repeats only finitely many
times and finally we get a maximal [;, 5] -preopen

set E=F.

Theorem 3.17. Let (X,7,7,7') bea
bioperation-topological space.Then we have the
following:

(1) Let A be a maximal [y, '] -preopen set and

xe X \A.Then X \ Ac B for any
[, »'] -preopen set B containing x.

(2) Let A be a maximal [, '] -preopen set.

Then either of the following (i) or (ii) holds:
(1) Foreach x e X \ Aand
each [y, ] -preopen set B
containing x, B=X.
(i) There exists a [y, '] -
preopen set B such that
X\AcCB

(3) Let A be a maximal [, '] -preopen set.
Then either of the following (i) or (ii)
holds:

M Foreach x = X \ Aand
each [y, '] -preopen set B

containingx, X \Ac B.

(i) There exists a [y, '] -
preopen set B such that
X\VA=B.

Proof. (1). Since x e X \ A, we have B ¢ Afor
any [y, »'] -preopen set B containing x. Then by
Theorem 3.11 (1), AUB=X = X \AcCB.

(2). If (i) holds, we are done. Let (i) do not hold.
Then there exists an element x « X \ A and a
[, 7] -preopen set B containing x such that

B — X . Then by Theorem 3.11 (1),
AUB=X or Bc A.But
BzA=AUB=X=X\AcB.

(3). If (ii) holds, we are done. Let (ii) do not hold.
Then (by (i) ) for each x € X \ Aand each [y,»']-

preopen set B containing X, X \ A<= B . Hence by
assumption X \Ac—B.

Theorem 3.18. Let A be a maximal [y, "] -preopen
sets in a bioperation-topological space (X,7,7,7') .
Then either[y, »']— pCI(A) = X or

[rv.7'1-pCI(A) =A .
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Proof. Since A is maximal [y, '] -preopen set,
only the following cases (i) and (ii) occur by
Theorem 3.17 (3).
Q) Foreach x e X and x < X \ Aand
each [y, ,]-preopen set B containing

X, we have, X \AcB:Letxe X \ A
and B be any [, '] -preopen set B

containing x. Since X \ A= B, we
have B M A== ¢ and hence

X\ Ac[y,»']— pCI(A) .- Since
X =AU(X\A)
= AULy, 71— pCI(A)
=[r.»'1- pCl(A) = X,
X =[r,7'1- pCI(A).
There exists a [y, '] -preopen set B such that
X\A=B(= X):Since X\A=B,a[y,»]-
preopen set, Ais a [y, ;'] -preclosed set

=Lr.7'1-pCI(A) -

Theorem 3.19. Let A be a maximal [, 5] -preopen
sets in a bioperation-topological space (X,7,7,7') .
Then either [y, 57— pInt(X \ A) = X \ A or
[y, 7 1= pINt(X\A)=¢ .

Proof. By Theorem 3.18, we have

[».71— pCI(A) = A O [y, »']— pCI(A) = X .
Thatis 5, "1— pInt(X \ A) = X \ A OF
[y, 7 1= pINt(X\A) =g -

Theorem 3.20. Let A be a maximal [, 5] -preopen
sets and B be a nonempty subset of X\A in a
bioperation-topological space (X, 7,7,7’) . Then
[r.7']1=pCI(B) = X\ A..

Proof. Since ¢« B < X \ AW N B = ¢ forany
element x « X \ Aand any [y, '] -preopen set W
containing x, by Theorem 3.17 (1). Thus,
X\Ac[y, 71— pCI(B) - Since X\ Als [y, 7]
-preclosed setand B — X \ A, we have

[.7'1- PCI(B) = X \ A .

Corollary 3.21. Let A be a maximal [, 5] -preopen
sets in a bioperation-topological space (X, 7,7,7")
and Ac B.Then [y, ,'1— pCI(B) = X .

Proof. Since Ac— B — X, there exista
nonempty subset F of x \ A such that
B = AU F . Hence we have,

[7.71-pCI(B) =[r,7'1- pCI(AUF)
o[y, ¥ 1= pCI(A) ULy, 71— pCI(F)
> AU(X \ A) = X (by Theorem 3.18)

Theorem 3.22. Let A be a maximal [, 5] -
preopen sets in a bioperation-topological space
(X,7,7,7") and let X \ A have at least two
elements. Then [5, »"1— pCI(X \{a}) = X for
any elementaof X \ A .

Proof. As A= X \{a} .we have, by Corollary
3.2L [y, 71— pCI(X {a}) = X .

Theorem 3.23. Let A be a maximal [, 5] -
preopen set and G be a proper subset of a
bioperation-topological space (X, 7, 7, ") with
AcG.Then [y, 7'T-pInt(G) = A .

Proof. If c — A, then

[r.71— pInt(G) =[r,»']1— pInt(A) = A. If
G = A ,thenwe have A=G . Thus

Ac[y, 71— pInt(G) . Since A is maximal
[, '] -preopen , we also have

[»,7'1— pInt(G) = A . Hence

[y,71- pInt(G) = A .
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